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Damping & Resonance 
2nd order differential equation 

s2 + 2!"os+"o
2 = 0

F(t)!C
dx t( )
dt

!k x t( ) =m
d 2x t( )
dt2

At our last meeting… 

What do these mean? 
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Damping & Resonance 

s2 + 2!"os+"o
2 = 0
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Damping & Resonance 

Damping is per cycle, not per second 
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Simple Harmonic Oscillator 

Fmass =ma =m!!x
Fspring = kx
Fapplied !Fspring =m a

F(t)!k x t( ) =m
d 2x t( )
dt2

Ref: http://en.wikipedia.org/wiki/Harmonic_oscillator 
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Simple Harmonic Oscillator 

!
k
m
x t( ) =

d 2x t( )
dt2

Ref: http://en.wikipedia.org/wiki/Harmonic_oscillator 

Look at system with no input  (the “general” solution) 

F(t) = 0

0!k x t( ) =m
d 2x t( )
dt2
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Simple Harmonic Oscillator 

x(t) =
Acos(! t)
Bsin(! t)

!
"
#

$#

Solutions are of the form: 

!
k
m
x t( ) =

d 2x t( )
dt2

! ! 2" f = k
m
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Simple Harmonic Oscillator 

!
k
m
x t( ) =

d 2x t( )
dt2

!
k
m
Acos(! t) = d

2Acos(! t)
dt2

!
k
m
Acos(! t) = !! A d sin(! t)

dt

!
k
m
Acos(! t) = !! 2 Acos(! t)

!
k
m
= !! 2

The math: 

“Characteris+c	
  Equa+on”	
  
(of	
  linear	
  homogeneous	
  diff.	
  equa*on)	
  

Ref: http://en.wikipedia.org/wiki/Characteristic_equation_%28calculus%29 
 

! ! 2" f = k
m
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Simple Harmonic Oscillator 

x(t) =
Ce j! t

De! j! t

"
#
$

%$

Other solutions are of form: 

!
k
m
x t( ) =

d 2x t( )
dt2

!
k
m
Ce j! t = d

2Ce j! t

dt2

!
k
m
Ce j! t = j2! 2Ce j! t

!
k
m
Ce j! t = (!1)! 2Ce j! t
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  Euler’s Formula 

Only 2 solutions in 2nd Order Diff.Eq. 

Ref: http://en.wikipedia.org/wiki/Euler%27s_formula 

e j! = cos(! )+ j sin(! )
e! j! = cos(! )! j sin(! )

e j! + e! j!

2
= cos(! )

e j! ! e! j!

2 j
= sin(! )
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Building functions from sine waves 

F(t)!k x t( ) =m
d 2x t( )
dt2

Ref: www.stewartcalculus.com/data/.../upfiles/FourierSeriesEV.pdf 

If F(t) ≠ 0 

…then build F(t) from sine / cosine functions. 

We see that, as increases, becomes a better approximation to the square-wave
function. It appears that the graph of is approaching the graph of , except where

or is an integer multiple of . In other words, it looks as if is equal to the sum
of its Fourier series except at the points where is discontinuous.

The following theorem, which we state without proof, says that this is typical of the
Fourier series of piecewise continuous functions. Recall that a piecewise continuous func-
tion has only a finite number of jump discontinuities on . At a number where 
has a jump discontinuity, the one-sided limits exist and we use the notation

Fourier Convergence Theorem If is a periodic function with period and and
are piecewise continuous on , then the Fourier series (7) is convergent.

The sum of the Fourier series is equal to at all numbers where is continu-
ous. At the numbers where is discontinuous, the sum of the Fourier series is
the average of the right and left limits, that is

If we apply the Fourier Convergence Theorem to the square-wave function in
Example 1, we get what we guessed from the graphs. Observe that

and

and similarly for the other points at which is discontinuous. The average of these left and
right limits is , so for any integer the Fourier Convergence Theorem says that

(Of course, this equation is obvious for .)x ! n!
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FIGURE 2  Partial sums of the Fourier series for the square-wave function 
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FOURIER SERIES ! ! ! ! 5

1
2 1+ sin(x)+ 1

3 sin(3x)[ ] 1
2 1+ sin(x)+ 1

3 sin(3x)+ 1
5 sin(5x)[ ]1

2 1+ sin(x)[ ]

Example: 
  A square wave can be built from odd-harmonics of a sine wave: 
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Harmonic Oscillator with Drag 

F(t)!C
dx t( )
dt

!k x t( ) =m
d 2x t( )
dt2

Ref: http://en.wikipedia.org/wiki/Harmonic_oscillator 

Fdamper =Cv =C !x

Fmass =ma =m!!x
Fspring = kx

Fapplied !Fdrag !Fspring =ma

Add viscous friction (drag): 
[Note: our systems more often have kinetic friction, not viscous friction] 
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Harmonic Oscillator with Drag 

F(t) = 0

F(t)!C
dx t( )
dt

!k x t( ) =m
d 2x t( )
dt2

Find general solution; the solution without end conditions: 

0!C
dx t( )
dt

!k x t( ) =m
d 2x t( )
dt2
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Harmonic Oscillator with Drag 

d 2x t( )
dt2

+
C
m
dx t( )
dt

+
k
m
x t( ) = 0

0!C
dx t( )
dt

!k x t( ) =m
d 2x t( )
dt2
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Harmonic Oscillator with Drag 

x t( ) =Aest

Find the characteristic equation: 

s2Aest + s C
m
Aest + k

m
Aest = 0

d 2x t( )
dt2

+
C
m
dx t( )
dt

+
k
m
x t( ) = 0

Choose the easy-to-handle solution: 

s2 + s C
m
+
k
m
= 0
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Harmonic Oscillator with Drag 

Solve for s 

with a =1; b = C
m
; c =!o

2

s2 + s C
m
+
k
m
= 0

If C=0, we recognize this as the simple harmonic oscillator, where !o =
k
m

s2 + C
m
s+!o

2 = 0

To solve for two roots s=r1, s=r2, I plan to use the quadratic formula 

s2 + bs+c= 0
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Harmonic Oscillator with Drag 

Solve for two roots s2 and s1: 

s1, s2 =
!b± b2 ! 4!o

2

2

s2 and s1 are real if b ≥ 2ωo 

Introduce new variable ζ and 
choose b = 2ζωo 

a =1; b = C
m
; c =!o

2

From	
  our	
  choice	
  of	
  b,	
  we	
  solve	
  for	
  ζ:	
  
	
  
	
  
	
  
so	
  that:	
  

b = 2!"o =
C
m

! =
C

2m"o

, "o =
k
m
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Harmonic Oscillator with Drag 

s1, s2 =
!b± b2 ! 4!o

2

2

s2 and s1 are complex if …. ? 

Choose b = 2ζωo 

s1, s2 = !!"o ± ! 2"o
2 !"o

2

s2 + 2!"os+"o
2 = 0

Then 
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Imaginarysine	
  &	
  cosine	
  

Harmonic Oscillator with Drag 

s1, s2 =
!!"o ±"o ! 2 !1 ! "1

!!"o ± j"o 1!!
2 ! <1

#

$
%

&
%

x(t) = e!!"ot cos !ot 1!!
2( )

If ζ < 1, then there are solutions of the form: est = eσt e±jωt : 

…or sin(…) 
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Harmonic Oscillator with Drag 

moving roots.mov 


