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Damping & Resonance
2nd order differential equations
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Damping & Resonance

s*+28w,s+w. =0
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Simple Harmonic Oscillator

Damping & Resonance

279 order differential equation

’ At our last meeting... }

l

dt

F(t)—Cdx(t) —kx(t) =m

()

s> +28w, s +w. =0

|

What do these mean? ‘
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Damping & Resonance

Changing frequency fro

Damping coefficient = 0.

m 1108 hz.
05

Damping is per cycle, not per second
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Simple Harmonic Oscillator

E,. =ma=mx
varing = kx
Fapplied - Fl‘pring =ma
2
d’x(r)

F(t)—kx(t) =m

dr?

Ref: http://en.wikipedia.org/wiki/Harmonic_oscillator
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Look at system with no input (the “general” solution)

F)=0
dzx(t)
0—kx(t)=m e
k _ dzx(t)
Zx(t)_ dt*

Ref: http://en wikipedia.org/wiki/Harmonic_oscillator
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Simple Harmonic Oscillator

d2x(t)
m dt*

Solutions are of the form:

Acos(wt)

- —onf= K
)= Bsin(wt) w=2nf= m

URKeN
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Simple Harmonic Oscillator

—ﬁAcos(wt) = 7[1_14(:028(0) 2
m dt k
. w= an = [—
—ﬁAcos(wt)=_wAdsm(wt) \'m
m dt

—ﬁAcos(a)t) =—w® Acos(wt)
m

_k_ —w? — “Characteristic Equation”
m (of linear homogeneous diff. equation)
T
Lynbrook Robotics Team, FIRST 846 Ref: http://en.wikipedia.org/wiki/Characteristic_equation_%28calculus%29

Only 2 solutions in 2" Order Diff.Eq.

-

Other solutions are of form:

Ce™
)= .
x( ) De’j‘”[ _Ece/}m _ dZCej(uz
2
m dt
k jot 22 2 jot
-——Ceée”' =jwCe
m
_k

Ce/‘wr - (_l)wZCe‘/'o)r
m
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= Euler’s Formula

jo
el

e’ = cos(0) - jsin(0)

= cos(0) + jsin(0)

e’ + e
———=cos(f
5 )
o -ie
€ 7€ _sin®)
2j

Ref: http://en.wikipedia.org/wiki/Euler%27s_formula

Building functions from sine waves
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Harmonic Oscillator with Drag

If F(t) # 0

dzx(t)
F(t)-kx(t)=m
(1)-m"
...then build F(t) from sine / cosine functions.

Example:

A square wave can be built from odd-harmonics of a sine wave:
v v y
1—% e N Y

s\ / 5\ / s\
\ ' \ \
4[1+sin(x)] L[1+sin(x)+4sin(3x)] 4[1+sin(x) + Lsin(3x) + Lsin(5x)]
Lynbrook Robotics Team, FIRST 846 Ref: www. com/dat: / pdf

F,., =ma=mx
F;pr/ng = kx

Add viscous friction (drag):

[Note: our systems more often have kinetic friction, not viscous friction]

F =Cv=Cx

damper

F;pplied - Fdrag - F;1Jring =ma

()

o), o
F(t)—CT—kx(t) =m e

Ref: http://en.wikipedia.org/wiki/Harmonic_oscillator
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Harmonic Oscillator with Drag

Harmonic Oscillator with Drag

(1)

o),
F(l)—CT—kx(t) =m e

Find general solution; the solution without end conditions:

F@)=0
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Harmonic Oscillator with Drag

Find the characteristic equation:
dx(t) cdx(t) k
dafr) canlr)

dt m dt m

Choose the easy-to-handle solution: X (l) = A G’SZ
C k
sAe" +s—Ae" +—Ae" =0
m m
C k
s’ +5—+—=0
m m
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Solve for s

» C k

s +s—+—=0
m m

/ k
If C=0, we recognize this as the simple harmonic oscillator, where @, =, |—
m

C
s+ —s+w’ =0
m

To solve for two roots s=r1, s=r2, | plan to use the quadratic formula

2
s +bs+c=0 wima=1;b=£;c=w3

m

Solve for two roots s, and s;:

2 2
—biﬂb —40)0 a=l;b=£;c=a}j

81,8, = m

2

s, and s, are real if b 2 2w,

Introduce new variable ¢ and
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choose b = 2qw, From our choice of b, we solve for {:

b=2tw,-<

m

so that: C k
E=—, w,= |~
2mw, m
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Then

s’ +28w s+ =0

5,8, ==Cw, =/ §’w’ -]

s, and s, are complex if .... ?
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Harmonic Oscillator with Drag Harmonic Oscillator with Drag

~fo, x0T -1 f=1 .

_gwoijwo 1_;2 C<1 T

Imaginary=»sine & cosine

8158, =

If < 1, then there are solutions of the form: est= ot gtivt; L
~Cw,t 2
x(t)=e"" cos(a)ot 1-C ) EEEEmmms
...orsin(...) b
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moving roots.mov




